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ARTICLE
Impact ionization threshold energy of trigonal selenium: An ab initio
study1
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Abstract: Impact ionization coefﬁcient is a critical parameter that determines the multiplication gain in avalanche photodiodes.
The impact ionization coefﬁcient is closely related to the ionization threshold, Eth, which is determined by the band dispersion
of the semiconducting material used in detectors. The ionization threshold energy is commonly calculated based on a parabolic
band assumption, which provides only a crude approximation. Here we present a ﬁrst principle study of the ionization threshold
energy through an analysis of the electronic structure of trigonal selenium. It is shown that the excess energy of primary charge
carriers required to initiate the impact ionization in trigonal selenium can be as low as the band gap, Eg, which is a sharp contrast
to the parabolic band approximation that implies Eth = 3/2Eg. Such a low Eth value is a favourable factor for impact ionization.
PACS Nos.: 71.20.–b, 71.20.Mq, 73.50.Fq.
Résumé : Le coefﬁcient d'ionisation par impact est un paramètre critique qui détermine le gain par multiplication dans
l'avalanche d'une photodiode. Ce paramètre est très relié au seuil d'ionisation, Eth, qui est déterminé par la dispersion de bande
du semi-conducteur utilisé dans le détecteur. L'énergie de seuil d'ionisation est généralement calculée en se basant sur une
hypothèse de bande parabolique, ce qui est une approximation grossière. Nous présentons ici une étude à partir de principes
premiers pour l'énergie du seuil d'ionisation, via une analyse de la structure électronique du sélénium trigonal. Nous montrons
que l'excès d'énergie des porteurs primaires de charge, requise pour initier l'ionisation par impact dans le sélénium trigonal,
peut être aussi basse que la séparation (gap) de bande Eg, ce qui est en contraste marqué avec l'approximation parabolique qui
implique Eth = 3/2Eg. Une aussi basse valeur pour Eth favorise l'ionisation par impact. [Traduit par la Rédaction]

1. Introduction
Impact ionization and subsequent avalanche multiplication of
charge carriers is widely studied in amorphous selenium-based
(a-Se) avalanche photosensors, which have found an application
in high-sensitivity photosensors for television camera tubes [1].
The favourable combination of photoconducting properties of
a-Se with the impact ionization holds a potential for advancement
of ␥-ray and possibly X-ray detectors for medical imaging [2–6].
The theory of impact ionization in crystalline semiconductors
was established through the development of the lucky drift model
[7–10]. This model was further extended to amorphous semiconductors taking into account the elastic scattering with a disorder
potential [11–14]. In this model, the charge carriers gain excess
energy from the external electric ﬁeld while drifting. Once a
charge carrier attains a kinetic energy equal to the ionization
threshold energy, Eth, it can ionize the lattice atoms through an
inelastic collision and create a new electron–hole pair. Low values
of Eth are thus a favourable factor for impact ionization and avalanche multiplication.
The parabolic band approximation is usually applied to estimate
the ionization threshold. This approximation yields Eth = Eg + 1/2Eg
[15], where Eg is the semiconductor band gap energy. The additional term 1/2Eg comes from necessity to fulﬁll conservation of
momentum. In ref. 16 it is noted that the threshold energy calculated using the parabolic band approximation leads to an overestimation of the pair-creation energy in a-Se by approximately 2 eV.
The contradiction was resolved by eliminating the 1/2Eg component motivated by loosening momentum conservation because of
the disordered structure of a-Se [16].

It is widely believed that wave vector k, is not a good quantum
number in amorphous structures because of the lack of periodic
potentials in these materials [17]. However, a more detailed analysis reveals that the dispersion of the extended-state wavefunctions for amorphous and crystalline solids are comparable,
however, no periodic function for localized states can be deﬁned
because of the presence of disorder [18]. Therefore, the momentum, k, may not be a valid quantum number for the localized
states in Bloch's solution, but it still applies to the extended
states, which are involved in impact ionization, in the amorphous structure [19].
Here we perform a detailed study of the electronic structure of
trigonal selenium (t-Se). It is assumed that the obtained results are
applicable to the amorphous phase. This assumption is supported
by X-ray ultraviolet and inverse photoemission measurements
[20–22], which reveal an almost identical density of states in a-Se
and t-Se. The study of the neutron inelastic scattering also provides a similar phonon density of states in both a-Se and t-Se [23].
Our analysis suggests that the threshold energy in t-Se is indeed
close to Eg, which is a consequence of its indirect band structure.
Therefore, no violation of momentum conservation is required.

2. Methods
A necessary condition for the impact ionization to occur is that
all initiating and resultant particles should satisfy the energy and
momentum conservation requirements
E(k1, n1) ⫹ E(k2, n2) ⫽ E(k1, n1) ⫹ E(k2, n2)

(1)
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Fig. 1. (a) Band structure of t-Se along high-symmetry points in the Brillouin zone, which is shown in the inset. Bonding, ; antibonding, *;
and lone-pair (LP) states are indicated. The shaded areas correspond to the optical gap and the gap between two conduction bands (from
bottom to top, respectively). (b) The band structure along the H–L–H segment with four particles involved into the electron ionization event
near the threshold. (c) Top view of the Brillouin zone with k-points involved in the hole ionization event near to the threshold.

k1 ⫹ k2 ⫽ k1 ⫹ k2

(2)

where ki is the electron wave vector, ni is the band index, and
E(ki, ni) is the corresponding energy eigenvalue. The indices 1, 2
and 1=, 2= represent the initiating and resultant carriers, respectively. The ionization energy corresponds to the excess energy of
the primary carrier, 1.
Further analysis of the ionization threshold for electrons and
holes in t-Se requires detailed knowledge of the band structure,
which can be obtained self-consistently using density functional
theory (DFT) and an equilibrium atomic structure. The structure
of t-Se consists of parallel helical chains arranged with a hexagonal symmetry, which can be characterized by two lattice constants, a and c, and the diameter of the chain,  [24]. The full
structural optimization was performed using the plane-wave
method implemented in the ABINIT package [25, 26], generalized
gradient approximations [27], and Troullier–Martins pseudopotential [28, 29]. Convergence tests were performed with respect to
the k-mesh density and the plane wave cutoff energy, Ecut. Convergence was reached at Ecut = 25 Ha (1 Ha = 27.211 385 05(60) eV) and
4 × 4 × 4 Monkhorst–Pack k-point mesh [30]. The obtained lattice
parameters are a = 4.54 Å, c = 5.05 Å, and  = 2.0 Å. The deviation
between theoretical and experimental structural parameters did
not exceed 6% [31].
The calculated band structure of t-Se is presented in Fig. 1. Trigonal selenium is an indirect semiconductor with the lowest energy transition between L-point in the top of valence band and
H-point in the bottom of the conduction band. The DFT energy
gap is about 1 eV, which is signiﬁcantly underestimated with respect to the experimental value of 1.85 eV [32–34]. This inconsistency is attributed to a well-known shortcoming of explicit
density-dependent functionals, which tend to underestimate the
energy gap [35]. In Fig. 1 and the following analysis, the so-called
“scissor operator” (energy offset) was applied to match the theoretical energy gap with its experimental value.

The necessary precursor for impact ionization is a low threshold energy of a primary charge carrier. In the search for the ionization threshold, we sample the entire Brillouin zone using 6400
k-points (20 × 20 × 16 mesh). Next, we analyze all possible ionization events by generating combinations of four k-points that obey
(2). For each set of k-points and the combination of four bands (n1,
n2, n1=, n2=) involved in the impact ionization event, the energy
conservation criterion (1) is evaluated using a gaussian approximation for the delta function with the smearing of 50 meV. This
approach provides the resolution of approximately 20 meV for the
ionization energy, which is sufﬁcient for the purpose of our discussion. The threshold energy is identiﬁed as the lowest possible
ionization energy that satisﬁes the conservation rules.

3. Results and discussion
The analysis of the electronic structure of t-Se yields an ionization threshold of 1.85 eV for electrons as primary charge carriers.
The charge carriers with the lowest ionization energy are located
along the H–L–H segment of the Brillouin zone (see Fig. 1b). The
resultant carriers 1=, 2, and 2= occupy states in the valence band
maximum (L-point) and the conduction band minimum (H-point),
which ensures the lowest possible ionization energy Eth,e = Eg,
providing a sharp contrast to the parabolic band approximation
[15], which predicts Eth = 1.5Eg.
Results of our calculations suggest that the ionization energy
for primary holes amounts to 1.95 eV (Eth,h = 1.05Eg), which is
slightly greater than that for electrons. The interpretation of this
result requires further analysis of the valence band dispersion. For
the energy threshold to be equal to the band gap, the resultant
carriers 1=, 2, and 2= should not have any excess energy, that is,
occupy the valence band maximum and the conduction band minimum (L and H points, respectively). In this case, the momentum
conservation dictates that the wave vector of the primary carrier,
k1, should be either at point H or S (see Fig. 1c). Apparently, the
excess energy of holes in H and S points of the lone pair band does
Published by NRC Research Press
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not exceed the band gap (see Fig. 1a), which precludes their participation in the impact ionization. Therefore, the wave vectors of
particles participating in the impact ionization of holes near the
threshold deviate from these high symmetry points, as shown in
Fig. 1c, resulting in a value of ionization energy slightly higher
than Eg, but still lower than 1.5Eg. The low ratio Eth/Eg ≈ 1 is a
consequence of an indirect band structure inherent to t-Se, which
is a positive factor for the avalanche gain.
The minimum set of parameters that are involved in the theoretical determination of the impact ionization coefﬁcient in disordered solids is: the ionization threshold, Eth, optical phonon
mean free path, op, optical phonon energy, ប, and the momentum relaxation mean free path, m, because of scattering with
disorder [11]. The ﬁeld-dependent impact ionization coefﬁcient
can be approximated in terms of these parameters as [14]

␣≈

2ប

mopeF

共

exp ⫺

2បEth

mope2F2

兲

(3)

where F is the electric ﬁeld strength. The low disparity between
the values of Eth,e and Eth,h suggests similar impact ionization
coefﬁcients (␣ and ␤) for both electrons and holes in t-Se. However, it has been observed experimentally that the avalanche multiplication in polycrystalline t-Se [36] and a-Se [37] is dominated by
holes with a ratio of about ␤/␣ ⬎⬎ 10 and ␤/␣ ⬎⬎ 10–100, respectively. The dominant avalanche of holes can be interpreted
through an analysis of the mean free paths, op and m.
It has been observed experimentally that the hole mobility in
a-Se is in the range 0.12–0.14 cm2V–1s–1, whereas the corresponding values for electrons are 0.003–0.006 cm2V–1s–1 [38, 39]. This
indicates a shorter mean free path, m, for electrons than for
holes, because the mobility is controlled by scattering with disorder. It has also been shown that the electron – optical phonon
interaction is stronger for electrons than for holes [31], which
implies a shorter optical mean free path, op, for electrons than
for holes. Consequently, the greater value of the product mop in
(3) favours the avalanche multiplication of holes, which agrees
with experimental observations for both t-Se and a-Se.

4. Conclusion
We calculated the ionization threshold for electrons and holes
in t-Se to elucidate the origin of deviation of experimental threshold energies from those predicted by the parabolic band approximation. The calculations were based on the full band structure of
t-Se, which was obtained self-consistently in the framework of a
density functional theory. The results suggest that the excess
energy of a primary carrier required to generate the secondary
electron–hole pair in t-Se is approximately equal to the energy
gap (Eth ≈ Eg), which is signiﬁcantly lower than the result predicted by the parabolic band approximation (Eth = 1.5Eg). Such a
low ionization threshold for both electrons and holes in t-Se is
attributed to its indirect band structure. This scenario provides
an alternative to the violation of conservation of momentum,
which was formerly put forward in the literature to explain low Eth
values in a-Se.
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